The weak lensing magnification of distant light by clusters of galaxies, assumed to be virialized systems with an NFW density profile, was calculated analytically as a statistical average over a random non-evolving distribution within z = 1. The effect is exactly cancelled by the Dyer-Roeder beam in between clusters -this conclusion is valid also for an ensemble of spherical clumps of arbitrary density profile. An analytical expression for the variance in the mean magnification is provided, using the general formula from our previous work. The all sky fluctuation in the angular size of the microwave background second acoustic peak, due to the random placement of cluster lenses in the intervening space, is then derived to be ≈ 33 %. Moreover, this standard deviation corresponds to that of a highly skewed magnification distribution, with a long tail extending towards the side of positive magnification, since any negative excursion from the mean cannot cross the hard limit imposed by the Dyer-Roeder empty beam. The absence of a left tail (in ℓ space) of this magnitude in the WMAP TT cross power spectrum is a result to be reckoned with. It indicates that either the NFW profile is not an accurate description of clusters, or our interpretation of the WMAP data is oversimplistic.
Introduction
In an earlier work (Lieu & Mittaz 2004a) , the convergence fluctuation of extragalactic light signals as they pass through mass clumps was calculated, with applications to Type 1a supernovae and cosmic microwave background (the latter CMB) observations, for the case when the clumps are groups of galaxies -large scale mass concentrations which harbor a very significant fraction of the matter in the near Universe. Although the fluctuation was found to be large enough to cause noticeable distortions in the shape of the CMB acoustic peaks, such a conclusion is not inevitable. In particular, due to our limited knowledge on the properties of groups it could be argued that most of these structures are in fact not even fully virialized systems. At present we consider in the same context the role played by clusters of galaxies, which are much better understood systems.
As a prerequisite, we explore the parameter regime of the problem concerned. Nearby clusters of galaxies have a number density at the present epoch (Bahcall 1988 ) of n 0 ≈ 10 −5 h 3 Mpc −3 = 2.13 × 10 −6 Mpc −3 ,
at h = 0.71 (Bennett et al 2003) , and a mean velocity dispersion (Struble & Rood 1991) of
As we shall see below, this corresponds to a mean virial radius of R ≈ 2 Mpc. Moreover, clusters do not exhibit evidence 1 for significant evolution within the redshift range z ≤ 1 (Jones et al 2002) , so that n 0 and R may be taken as constants. Thus the number of clusters intercepted by a random sightline towards some remote source is given by (speed of light is unity here and after) n = n 0
where x f is the present comoving distance to z = 1, Ω m is the normalized cosmic matter density, and a zero curvature Universe is assumed. If we further adopt the currently measured (Ω m , Ω Λ ) = (0.27, 0.73) Universe (Bennett et al 2003) , then
and we have n ≈ 0.2, i.e. there is a fair probability of any light signal to pass through at least one cluster within the last unit redshift of its journey.
From the above, the number of z ≤ 1 clusters in the field of view of a CMB acoustic peak structure at spherical harmonic ℓ is ≈ 5(200/ℓ) 2 . Variations in the spatial distribution of clusters represents a measurable perturbation to the TT cross correlation power spectrum at the primary acoustic peaks (hereafter referred to as PAPs) for two reasons. Firstly, clusters magnify background sources effectively by virtue of their high velocity dispersion. Secondly, the number of such lenses that influence light emitted by the PAPs is, as we just saw, of order a few. The fluctuation in this number is therefore appreciable, leading to relatively large excursions in the magnification.
2. Average weak lensing magnification by spherical clumps of arbitrary internal density profiles
In a critical density Friedmann-Robertson-Walker (hereafter abbreviated as FRW) background metric let a small bundle of light rays arrive at us from a remote source after being deflected by an intervening mass clump at impact parameter b (a physical distance appropriate to the lensing epoch z = z l ). By comparing the cross section of the bundle at the lensing plane with and without the clump, one deduces that the gravitational field of the clump magnifies the corresponding emission element by the fractional amount
where x s and x l are the z = 0 comoving distance of the source and the lens respectively. Eq. (5) is valid in the weak lensing limit η ≪ 1. Provided the clump is spherically symmetric, ψ(b) may be written as
where r = √ x 2 + b 2 = bsecα, and the mass m(r) within radius r can be an arbitrary function of r. In terms of the density ρ(r) at r, where
the expression for η is
Our task now is to compute the average magnification as the light encounters an entire distribution of mass clumps during its propagation.
If the inhomogeneities are located uniformly and randomly over comoving space, the probability of the arriving light signal having interacted with a clump at distance x l → x l +dx l and with impact parameter
analogous to Eq. (3). The expectation value of η is
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The integration over x l and b may be performed to yield M, the total mass of the clump as answer. Further, since n 0 is related to M by
where Ω cl is the normalized density of matter residing in the clumps, Eq. (10) becomes
This is the same 2 as Eq. (18) of Lieu & Mittaz (2004a) , which concerns the value of η for clumps with isothermal sphere density profiles ρ(r) ∼ 1/r 2 . Thus, the average magnification is independent of the function ρ(r), as is already evident from the fact that in arriving at Eq. (12) we did not assume any specific form for ρ(r). A most interesting point is that because η as given by Eq. (12) was shown by Lieu & Mittaz (2004a) to cancel precisely the Dyer-Roeder effect within the subcritical density (ambient) space between the clumps, the conclusion of zero net magnification relative to that in a homogeneous Universe of the same mean density is valid for lensing clumps with any profile ρ(r), and is not contingent upon the state of inhomogeneity of the Universe. The reader is also referred to Kibble & Lieu (2004) , who proved further that this conclusion of agreement with the homogeneous benchmark does not depend on the shape of the clump (i.e. spherical symmetry not necessary either), and remains valid even when strong lensing is included with the statistical averaging process, so long as under these very general circumstances the quantity being averaged is the reciprocal magnification.
Spatially varying magnification, application to CMB observations
From the above development, we see that a critical density Universe remains an Euclidean environment to propagating light, no matter how clumpy it may be. Yet the statement is true only in a statistical sense. Random excursion from this average behavior is possible, and is characterized by the quantity δη, sometimes referred to as convergence fluctuation, which has the meaning of standard deviation in the magnification due to the light signal having sampled varying amounts of clumped matter along different paths of the same length. In Lieu & Mittaz (2004a) it was shown, by a formal mathematical analysis, that while η = ηdP , δη = η 2 dP , where dP is as in Eq. (9). For an arbitrary internal density profile within the clumps, δη is therefore given by
where x f is as defined after Eq. (3). Note the difference between Eq. (13) and Eq. (10) in the upper limit of the dx integral. In the latter scenario we assumed the light source is embedded in the inhomogeneous environment. In the former we provided for the possibility for the light to be emitted at an epoch when the Universe was smooth, by letting x f ≤ x s .
To continue further one needs a specific function for ρ(r). For clusters of galaxies, it is known for some time that ρ(r) appears to have a universal form, called the Navarro-FrenkWhite or, NFW, model (Dubinski & Carlberg 1991; Navarro et al 1995 Navarro et al , 1996 Navarro et al , 1997 . In the NFW profile the density scales as
between r = 0 and r = R, where δ c and r s are respectively known as the overdensity factor and scale radius, ρ c is the critical density
and R is the virial radius, related to the dispersion velocity σ by
with
Moreover, the scale radius r s is ≈ 26 % of the virial radius, or
(see Carlberg et al 1997) , and the overdensity δ c depends on the ratio c via the equation
Since we are considering the lensing effects of nearby clusters, the modification to R by the function E(z) is ignored. From H 0 = 71 km s −1 Mpc −1 and the observed mean value of σ as given by Eq. (2), we obtain R ≈ 2.12Mpc (20) and one can also derive the mean virial mass from the NFW model. It is in the range
Using Eq. (21) along with the number density of Eq.
(1), we see from Eq. (11) that the normalized density of cluster matter is Ω cl ≈ 1.4% (22) i.e. a value consistent with the statement that clusters account for an insignificant fraction of the matter in the near Universe.
Returning to the integration of Eq. (13), the use of Eq. (14) for ρ(r) yields the formula
where the quantity M 0 is given by
As expected, δη is sensitive to the choice of b min . Owing to the uncertainties over the suitability of the NFW profile at radii ≪ r s , we set b min at 70 kpc. Note, however, that at such inner distances our weak lensing formula for η is no longer appropriate. Obviously, strong lensing corrections do not lead to lower values for η , nor δη for these regions. Our present undertaking then offers a conservative estimate of the fluctuations -it yields δη ≈ 0.667 (25) with the aforementioned parameter values for Eq. (23).
The most effective check against observations is to examine the TT cross power spectrum in the angular scale of the second PAP, at a spherical harmonic of ℓ = ℓ 2 = 546 ± 10 (26) (Page et al 2003) . Given that a cluster of virial radius R ≈ 2 Mpc, Eq. (20), subtends an angular diameter of α ≈ 0.0025 radians when placed midway between us and z = z f =1, we see from Eq. (26) that an angular region spanning the size of the second PAP, θ = θ 2 = π/ℓ 2 contains N = θ 2 2 /α 2 ≈ 4 subregions magnified independently by different cluster lenses. The variation in the size of the second PAP is therefore
More discussions on the √ N factor associated with incoherent lensing are to be found in Lieu & Mittaz (2004a) , Bartelmann & Schneider (2001) . Note also that this variation is highly skewed, because the mean magnification η (which cancels the Dyer-Roeder effect) is, from Eqs. (12) and (22), η ≈ 0.3 %, less than one-twentieth of δη. Moreover, any leftward excursion from the mean is also small, as it cannot cross the hard limit imposed by the Dyer-Roeder empty beam (Dyer & Roeder 1972) . Thus the convergence fluctuation is brought about entirely by those rare light paths which intercept clusters at smaller impact parameters.
Concerning the actual measured distribution of the 2nd PAP, such as that in Fig. 12 of Bennett et al (2003) , one finds a highly symmetric profile, however. In fact, bearing in mind that a right tail in magnification space becomes a left tail in ℓ space, even if we were to adopt the extreme (and absurd) procedure of attributing the entire interval between ℓ 2 and the first TT trough ℓ = ℓ 12 = 411.7 ± 3.5 (28) (Page et al 2003) , viz. δℓ 2 = ℓ 2 − ℓ 12 = 134.3 ± 10.6, to the standard deviation in ℓ 2 , this will still be less than the cluster lensing induced variation of ℓ 2 δθ 2 /θ 2 = 181.8 ± 3.3 by the statistically significant amount of > 4 σ. Moreover, the negatively sloping background in the TT power spectrum (which can be seen at large ℓ) would only serve to further widen the observed interval δℓ 2 , hence enlarging the discrepancy between prediction and observation. It seems therefore a reasonable claim that across the entire sky there appears no evidence for the lensing of CMB radiation by clusters of galaxies.
Discussion
In a series of papers (Lieu & Mittaz 2004a,b; Kibble & Lieu 2004 ) the authors pointed out that the current interpretation of cosmological data, notably those from the CMB and Type 1a supernovae observations, may be oversimplistic, because it ignores the statistical effects of inhomogeneities on the propagation of light through the near Universe -effects which are both subtle and complicated. The present work serves to reinforce this conclusion. The question raised here is why convergence fluctuations in the size of the second CMB PAP due to clusters of galaxies are absent. In the previous work of Lieu & Mittaz (2004a) the same question was raised in the context of galaxy groups. An escape route was possible there -one could argue that most galaxy groups are not properly understood systems. For rich clusters, this approach will not be feasible, because they are very well studied systems, and the number density as given by Eq. (1) does correspond to objects with properties outlined in the earlier sections. Nevertheless, one could contemplate a less profound consequence, viz. perhaps the NFW profile is not a good description of clusters after all. Given, however, that the range of impact parameters we used to derive the value of δη is optimal for the performance of the model, this does not seem to be a viable option either.
